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The following statement plays an important role in the representation 
theory of partially ordered sets (pose&). 
THEOREM 1 (SCHUR’S LEMMA). The endomorphism ring of any 
indecomposable representation of a poset S of finite type over any field k is 
isomorphic to k. 
It follows, for example, from the explicit description of the indecom- 
posable representations of posets of finite type (51. Being interesting per se, 
Schur’s Lemma easily implies a bijection between the dimensions of 
indecomposable representations of a poset of finite type and the positive 
integral roots of its Tits form. That was shown in [ 1 ] according to the idea 
of [2] where the same implication was established for representations of 
quivers of finite type. This bijection allows one to prove directly certain 
qualitative results that otherwise follow only from the classification of 
representations. 
There are two published proofs of Schur’s Lemma for posets. One of them 
has a gap [7], and the other [I] is rather cumbersome. The purpose of this 
paper is to give a simple proof of the Lemma. Together with the well-known 
fact that one can canonically associate an indecomposable representation of 
a poset of finite type to every indecomposable representation of a quiver of 
finite type [2], the proof below constitutes perhaps the shortest known proof 
of Schur’s Lemma for quivers of finite type as well. 
1. DEFINITIONS 
Throughout the paper fix a field k. 
Let P= {p,,..., p,}, n = ] PI > 0, be a poset. A representation (U, P) of P 
over k is a finite-dimensional k-vector space U together with a collection of 
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subspaces U, c U, p E P, such that p < q implies Up c U,. A morphism 
f:(U,P)~(W,P)isak-linearmapf:U~Wsuchthatf(U,)cW,,pEP 
[3, 71. The direct sum of (U, P) and (W, P) is a representation (V, P) such 
that Y = U@ W, I’, = Up 0 W,, p E P. R(P, k) denotes the category of 
representations of P over k. A poset P is said to be of finite type if it has 
finitely many pairwise non-isomorphic indecomposable representations. 
Let a be a maximal element of a poset P. The derived set [ 71 is defined as 
PA = (P - a), U Q, where (P - a), is the set of one-element subsets of P - a. 
Q consists of all such two-element subsets {p, q} of P - a that the elements 
a, p, q are pairwise incomparable in P. The partial order in PA is induced by 
the following partial order in 2P-n. If X and Y are in 2P-a, then X< Y if 
and only if for every x E X there exists y E Y such that x < 4’. (The partial 
order in P - a is induced by the order in P.) 
2. NECESSARY RESULTS 
Let a, ,..., a,, m > 0, be the maximal elements of a poset P # 0, (U, P) its 
indecomposable representation. 
LEMMA 2 (SEE [3]). (i) CT=, Ua,= U unless Uai = 0 for all 
i=l m. ,***, 
(ii) Uaj” (Ci+j U,,) # 0 provided Uaj # 0 and Ci+j UQi # 0. 
LEMMA 3 (SEE [4, 6, 71). If P is offinite type, then m ( 3. 
THEOREM 4 (SEE [3,7]). Let a be a maximal element of a poset P of 
finite type. Consider the functor F,: R(P, k) + R(PL, k) such that 
F, : (U, P) t-+ ( W, Pi), where W= U,, W,,, = U,n U,,, W,,,,, = U,n 
(U,+U,), {p}E(P-a),, {x,y}EQ; and F,:(f:U+V)~(fIU,: 
U, + V,) for every morphism f : (U, P) --+ (V, P). Then 
(i) P; is offinite type. 
(ii) FJCJ, P) is indecomposable provided (U, P) is indecomposable 
with U, # 0. 
3. PROOF OF THEOREM 1 
Proceed by induction on the set of lexicographically ordered pairs of 
integers d( V, S) = (dim V, ] S ]) for all indecomposable representations (V, S) 
of all posets S of finite type. 
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The minimal element of this set is (l,O). It comes from the empty set 
which has only one indecomposable representation. This representation is in 
a vector space of dimension 1 and satisfies the theorem. 
Let (V, S) be an indecomposable representation of a poset S # 0 of finite 
type such that the theorem holds for all indecomposable representations 
(U, 7’) of posets T of finite type with d(U, 7’) < d( V, S). Let f : V+ Y be an 
endomorphism of (V, S). If for some s E S, V, = 0, then the induced 
representation (V, S - s) of the poset S - s of finite type is indecomposable, 
f is its endomorphism, and d( V, S - s) < d(V, S). By induction hypothesis 
f = A E k, i.e., f(v) = Iv for all v E V, and the theorem holds. It suffices 
therefore to consider the case when V, # 0 for all s E S. For the same reason 
we assume V, # V, s E S. Lemma 2(i) and Lemma 3 imply then that S has 
either two or three maximal elements. 
Denote by a, ,..., a,,, the maximal elements of S. By Theorem 4, SLi is of 
finite type, FQ’,,(V, S) is indecomposable, and the restriction fl VQi is its 
endomorphism. Clearly, d(F,i(V, S)) < d( V, S). By induction hypothesis 
fl Vai = Ai E k, i = l,..., m. 
If m = 2, then by Lemma 2(ii) VO, n Va, contains a non-zero vector v for 
which f(v) = A, v = 1, v. Hence A, = A, = I, and f = 1 by Lemma 2(i). 
Let m = 3. If for some i fj Vain Vaj # 0, say, for i = 1 and j = 2, then, as 
above, 1, = A, = A. Choosing a non-zero vector u E VQ, n (V,, + Voz), we 
likewise get A, = A, whence f = A. If VQin Vaj= 0 for all i # j and 
uE va3n(v,,+ V& u#O, then u=u,+u,, where uiE Vai and ui#O, 
i=l,2. Then f(u)=~3(U1+U2)=~1U,+~2U2. This yields (A,-A,)u,= 
(A, - A,) u2 = 0. Hence A, = A, = A, = A and f = A. The theorem is proven. 
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